Hubbard's model for studying correlation effects in systems with narrow energy bands is analyzed by means of a technique which allows the calculation of moments of the individual peaks in the spectral weight function for single-particle excitations. The analysis of the zeroth moments of the peaks shows that the total weight in the bands depends on the strength of the kinetic-energy term in the Hamiltonian even though the bands may be narrow and widely separated. This conclusion is illustrated and verified by an exact calculation for the case when there are only two lattice sites. Analysis of first and higher moments yields results for nonmagnetic or paramagnetic phases which are in qualitative agreement with Hubbard's improved solution. However, we find that (a) there occurs a spin-dependent shift in the band energies which has not been obtained by other treatments of the model and which energetically favors ferromagnetism, and (b) single-particle excitations are more heavily damped in antiferromagnetic than in isomorphic paramagnetic phases. Hubbard's model for studying correlation eGects in systems with narrow energy bands is analyzed by means of a technique which allows the calculation of moments of the individual peaks in the spectral weight function for single-particle excitations. The analysis of the zeroth moments of the peaks shows that the total weight in the bands depends on the strength of the kinetic-energy term in the Hamiltonian even though the bands may be narrow and widely separated. This conc1usion is illustrated and verified by an exact calculation for the case when there are only two lattice sites. Analysis of first and higher moments yields results for nonmagnetic or paramagnetic phases which are in qualitative agreement with Hubbard's improved solution. However, we 6nd that (a) there occurs a spin-dependent shift in the band energies which has not been obtained by other treatments of the model and which energetically favors ferromagnetism, and (b) single-particle excitations are more heavily damped in antiferromagnetic than in isomorphic paramagnetic phases.
I. INTRODUCTION
&NY problems in theoretical physics are attacked ".. by considering models with mathematical descriptions which are usefully simpler than those of real systems. So long as the model builder has sufhcient insight into the physical mechanisms dominating the real problem and su%.cient insight into the model itself, this approach can be very illuminating. Of course, the model is usually not exactly soluble and consequently approximations must be employed. Thus we often find ourselves with approximate solutions to a model problem. When we want to know how to make connection with experiment two levels of question arise. Rev. 148, 707 (1966) .
festations of an approximation scheme. Our results therefore shed considerable light on the model and to the extent that the model is sound, give information about the real narrow energy-band systems with which it is associated. Our results can also be used to check particular aspects of approximation schemes to see if the relationships we derive are found to be true for such approximate solutions.
Hubbard's model is essentially a cell model for the electron gas with Coulomb repulsion completely screened out except between electrons in the same cell, or as it is referred to in this context, on the same crystal site. In its simpler form only a single s band is considered, that is, there is just one spatial state per site. Thus this model is essentially the simplest in which the kinetic energy and band shape, the Coulomb repulsion and correlation effects, and of course the exclusion principle can all be seen working together and against one another in a context related to electrical and magnetic properties of the transition metals and transition-metal oxides.
Our approach to the problem is built around moment techniques. We have devised a way to project out of the density of states and spectral weight functions of the theory, those parts referring to individual energy bands. The moments of individual bands can then be expressed in terms of correlation functions in a systematic way. Of course, the correlation functions themselves can only be estimated In Sec. IV we develop the projection technique which gives us the spectral weight associated with each band for the infinite system. We utilize a canonical transformation used by Kohn~in a related problem. While our technique is quite general, we can only get explicit expressions for the generator of the transformation and other quantities involved if we make expansions in terms of a parameter proportional to the kinetic divided by the potential energy and thus our explicit results are restricted to the narrow band situations and can not be extended in their present form to cases in which bands broaden to the point of merging. It is in this section that we show how to relate moments of the individual bands to equal time expectation values or particular correlation functions. Our approach is an extension of the well-known moment calculations as applied to nuclear-magnetic-or electron-spin-resonance line shapes.~"
In Sec. V our technique is applied to the question raised in Sec. III, namely to the shift in weight from one band to another due to the hopping or kinetic energy. We find that this shift occurs in the infinite site case as it did in the two site case and contrast this with simple models of alloys and interband mixing for which such a shift does not occur. We also show that the shift does not occur in the one case where it would have a drastic affect on the electrical properties, that is, when there is precisely one electron per site and therefore a precisely 6lled lower band.
In Sec We now let t be nonhero and carry out the same calculation. The degeneracies in the spectrum of Fig. 1 will be split, but we will keep t small so that the energy shifts of the eigenstates are small compared to I. This is the "narrow-band limit" for our simple case. For E, = I J, }, the state table is given in Table III Tables III and IV , respectively. As expected the density of states is independent of whether operators for site I or site 2 are inserted into the above matrix elements, and is given as At zero temperature p'»»»»(E) is given by
where the states needed are given in Table V .
Performing the summation we get
Here we again find weight at energies clustered near I and near zero defining two bands. Integrating p'»»»»(E) over the bands separately we find (1+) )' (1961) .
energy of the order of I which must be supplied to add an electron. This must be reQected in the band picture as a full band separated by a gap from an empty band. Only in the one electron per atom case is there such a simple relationship between the band picture and the energy levels for the entire system. In the next section we will see that the relationship between kinetic energy and the band weights p"and p& is more complicated than is suggested by Kq. (3.17) but that it is modified in a way which yields the special result for this half-filled band case.
To summarize the results of this section: We have shown that for a two-site model the total weights in the lower and upper bands are not maintained at their atomic-limit values as the hopping is turned on. It might be argued that these effects are of order (1/1V) and hence become unimportant for large systems. As we shall see in the next section this is not the case; that is, the shift in weight from one band to the other is of order 1 and not of order (I/Ã) and hence persists even for large systems.
IV. THE MOMENT TECHNIQUE
We now turn our attention toward approximate calculations for the many-body system. Ke aim to obtain SINGLE-PARTICLE EX CITATIONS 30i information about the spectral weight function (SWF) by calculating some of the lowest-order moments associated with the peaks in the SWF. This approach is most useful when the SWF consists of isolated peaks whose breadth is much less than the separation between successive peaks. For A((I this condition is probably well fulfilled, so that a moment calculation is expected to be fruitful.
The moments of the SWF are defined as
where I and v are either position or momentum labels.
For convenience we introduce the characteristic function f ""(t):
Note that according to (4.2)
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"J.M. Luttinger, Phys. Rev. 119, 1153 (1960 Taking E' to lie in the band gap (e.g. , E' I/2) we calculate the total weight, 8", of all peaks of the SWF, near pI with p&0 as i.e. , the total weight in the SWF below the band gap is equal to the number of 0--spin electrons. Thus adding an electron involves adding the gap energy when there is one electron per site already present. We see even in this case, however, that the flied band one visualizes in the band theory has a complicated behavior for nonzero 5, since the existence of satellite peaks in the SWF at negative energies tells us that removing an electron can require the addition of energy to the system of various multiples of I.
A physical picture of this phenomenon as it might in principle be observed via positron annihilation is the following. The main peaks in the SWF at energies 0 and I correspond to processes in which an electron is removed from a singly or doubly occupied site respectively. The satellite peaks at energies -I and 2I correspond to multiple processes in which one electron is removed and the state of the crystal is changed by an electron hopping so as to increase by one the number of doubly occupied sites or vice versa, as is shown schematically in Fig. 3 . Since these are higher-order processes their probability is reduced Lby a factor (6/I)'j from the zero-order processes corresponding to the main peaks in the SWF.
However, according to our arguments, the first theta function vanishes and the second one is always unity so that
VI. COMPARISON WITH HUBBARD'S THEORIES
In this section we wish to examine Hubbard's calculations' " for the narrow-band model to see how well his approximate Green's functions satisfy the sum rules we have derived. Hubbard's solutions were obtained by a decoupling of the hierarchy of equations of motion for the Green's functions based on the idea that correlations were of relatively short range in space. ' The chief virtue of his calculations is that they provide an approximate interpolation scheme between the atomic (6 -+0) and band (I~O) 
+2+)n,+n (pq/I) 75 ( cp I npq-), (6.3) where throughout this section n = (n;, ) and is assumed to be independent of i and thus describes a paramagnetic or ferromagnetic state. For a SWF of this form (Spy, , The average energy of the low-energy peak in Hubbard's SWF is given as nzPqq, . p --1 n 2-(J /-I+n pq/I)+2(A/I) g exp(iX r, ,)t;,{(n;n;, ,+, ct;,c;ct;c , )},,
. (6.7) pp=1 n (-2/I) 3-p =n +(2/I)D (6.8a) (6.8b) (pq. . ,p) =eq(1 n) -3 /(1 -n)+-5/(1 n) g -exp(iX r, ;)t@{(n; n, ,) n+(c;, c;-, c;, , c )}. (6.9) We note that although Eq. (6.4) shows a shift in weight from one band to the other for an excitation of wave number X, it divers from the exact expression, Eq. (6.7). Also we see that according to Hubbard's theory, Eq. (6.5), there is no change in the total number of states in the two bands in order 6/I in contrast to the exact result, Eq. (6.8), which we discussed more fully in the previous section. In order to compare the expressions for the average energy let us analyze Eq. (6.9) further. The bracketed expression in this equation is a sum of terms, the 6rst of which is proportional to density Quctuations which are energetically unfavorable and therefore small, and the second of which is proportional to the magnetic energy. (6.18f)
One must recognize that these results are only correct to lowest order in 6/T. Note that similar peaks (not shown) also appear near energy I. "The fact that Eq. (7.1) is not exact is to be expected since it was obtained by neglecting some of the terms in the exact result, Eq. (6.9). These neglected terms can be shown to give a contribution to ie";s) of -(1/N)eq thus explaining the discrepancy between Eqs. (7.10) and (7.12). In general, these neglected terms will be of order 1 and not of order (1/N), but hopefully, as we have argued, they will be small.
FzG. 6. The SWF for the unperturbed density of states given by Eq. (7.14) and for -, 'electron per site using (a) Hubbard 
